Math 2E Selected Problems for the Final
Aaron Chen
Spring 2016

These are the problems out of the textbook that I listed as more theoretical.

Here’s also some study tips:
1) Make sure you know the definitions of all the different integrals and objects. Mainly, understand
all the bold faced words and boxed equations in the sections we’ve covered.
2) Make sure you understand your past homework problems, quizzes, and the practice final.
3) Understand the reasoning behind most of the extra theoretical problems.
4) A nice way to recap a lot of these things is to go through the Review sections in Chapter 15,16.
I recommend reading the relevant concept check questions and doing the true false questions, too:
Chapter 15: Pg. 1061.
Chapter 16: Pg. 1148.

Disclaimer: The following solutions are only very sketched out! Some aren’t even solutions,
but just ideas or hints for the solutions.

16.3 Fundamental Theorem of Line Integrals
429

This is basically that if a vector field is conservative, then V x F = 0.

#30

This integral results from taking [ F - dr where F(z,y,2) = <y, @, xyz >. The curl of this is
not zero,
VxF=18, 9, 0.|=(xz-0)i+(0-y2)j+(1-1k
y x Yz

where the first two components are not zero.

#35

a) The partials are

p - @)ty o2 (@) ey
Y (ZIIQ + y2)2 (:1:2 + y2)2’ z (:1:2 + y2)2 (.732 + y2)2

so we see they equal.

b) This integral is not path independent if the curve circles the origin. We see that if Cy is
the upper half of the circle (of radius 1), then we parameterize C; as r1(t) = < cost,sint > with
0 <t <, so the tangent is r|(t) = < —sint,cost > and

T ™ c 2 2
t t
/ F.dr = / F(ri(t)) -y (t)dt = / +SH; i _COQS dt = .
ot 0 o cos“t+4sin“t




But, for C9, the lower half of the circle, we parameterize it as the same ry(t) = < cost, —sint >
from 0 < ¢ <, so the tangent is 75 (t) = < —sint, — cost >. Then,

" ™ (=1)3sin?t — cos? ¢t "
/ F~dr—/ F(rz(t))-rlz(t)dt—/ (=1)sin o8 dt—/ (—sin?t — cos® t)dt
Cs 0 0 0

cos2t + sin? t

:/ —1dt = —m.
0

We see that the value of these two integrals is different, so the integral is NOT path independent.

This does not violate anything because the components of F, and their partials too, are not
even continuous at the origin (0,0). The domain of R? without the origin is not simply connected,
and hence this non-simply-connectedness violates Theorem 6 (on Pg 1079).

16.4 Green’s Theorem
#21

a) First we need to parameterize the line. It would be given by
r)=(1—-t) <z, y1 >+t <w9, Yo >=<x1+t(xe —21), Y1 +t(y2—y1) >, 0<t <1

Then, dx = 2/(t)dt = (z92 — x1)dt and dy = y'(t)dt = (y2 — y1)dt. Then,

1 1
/ vy — ydo = / (21 + (s — 1)) (g2 — y1 )t — / (11 + t — 1)) (2 — @1)dt
C 0 0

(z2 — 21)(y2 — y1) (y2 — y1)(z2 — 21)
2 2

=21(y2 —y1) — y1(22 — 1) = T1Y2 — T1Y1 — Y102 + Y121

=z1(y2 —y1) + —yi(ze — 1) —

= T1Y2 — T2Y1-

b) The boundary of the polygon is precisely the line segments connecting each (zy,yx) to the
next (zr41,Yr+1) vertex - call each line segment Ly, with the last line segment L, connecting
(Zn,yn) to (r1,y1). Recall as a consequence from Green’s Theorem that

Area(Domain D) = // dxdy = j{ galy — Vi
D oD 2 2

since with P = —y/2,Q = /2, then Q, — P, = 1. In particular, the boundary of D is precisely
the union of each line segment, in that

?gD:/Lﬁ/Lﬁ'“*/LM*/n:;/Lk

so when we compute the integral,

"1
Area(D :// dmdy:% fdy—galzvz / xdy — ydx
(D) D oD 2 2 ;2 Ly



where applying part (a) to each | Lot

1 n
=3 Zwkykﬂ — Tk+1Yk
k=1

where if we write this out,

1
= 5[($192 - 1'23/1) + (3323/3 - 363?/2) + ...+ (xnflyn - xnynfl) + (mnyl - mlyn)]

c¢) Is a computation - use the formula with just n = 5 vertices.

1 1
A= 5[(0—0)+(6—1)+(2—0)+(0—(—2))+(0—0)] = 5[5+2+2] =9/2.
#29
Here, F(x,y) = % Recall that from 16.3.35, we saw that its components P = ——*~ and

Q= %erz satisfied (), = P,. Moreover, these components are smooth everywhere except at the
origin. This is half of what we need for path independence. The main idea is that we do not enclose
the origin. For any simple closed path that does not enclose the origin, we can enclose that curve
in some region D of R? that is simply connected. This means that F is conservative on D and since
the curve lies in D, we can use the Fundamental theorem of line integrals. Since F is conservative,
it is the gradient of some f on D, in that F = V f on D. The curve is closed, so the final and initial

point, call it P are the same. Then, ¢, F -dr Fund.Thm f(P)— f(P)=0.

#31

See the practice final Problem 6.

16.5 Curl and Divergence
419

Firstly, since V ¢ V x G = 0 always, check it:
VeV X G=Ve<zsiny,cosy,z—xy > =siny —siny + 1 # 0.
This doesn’t even satisfy that V e V x G = 0 so such a vector field G will not exist.
#20
This time, doing the same thing,
VeV xG=Ve<ayz,—y’zyz>=yz—2yz+2yz #0

again so such a vector field G again will not exist....

#21

See the practice final Problem 2(b). Irrotational means that the curl is zero.



#22

Incompressible means that the divergence is zero. But here,
VeF =0,f(y,2) + 0yg(x,2) + 0.h(x,y) =0

since each component is independent of the variable that it is being differentiated with respect to.

#4926

See practice final Problem 5(b).
Other problems like 23-29 are of this flavor too, but very long :( I'm not going to do them.

#30-32
Since the professor has had a few problems using the r vector, it may be nice to look at these again.
For example, for 32,

32) if F =r/rP, find V - F. Is there a value of p such that the divergence is 07

Here, first rewriting in Cartesian and following the definition of r,

<x,Y,z >

F(xay7 Z) = (.’L‘Q +y2+z2)p/2'

The divergence is then (careful with factors of 2 and 1/2 cancelling)

V.F—
(22 4+ y? + 22)P

from quotient rule on 9/0x

(1:2 + y2 + ZQ)p/Q *pr(JU2 + y2 + Z2)p/2—1
(22 +y? + 22)P

+ from quotient rule on 9/0y

@1 1 2P from quotient rule on 9/9z

7 3 p(2? + y? + 22)(a? + % + 22)P/2 1
- (a:2+y2 +22>p/2 (xQ —|—y2 +22)p
3 p(2? + y? + 22)P/? 3 D

($2+y2+z2)p/2 o (x2_|_y2+22)p - ($2+y2+22)p/2 o (x2+y2+22)p/2

so thus
3—p

(22 + y2 + 22)P/2°

Consequently, if p = 3, this is zero.



# 33

To begin the proof using Equation 13 (the corollary to Green’s Theorem), which states

j{ F-ﬁds:// Ve FdA
oD D

we start with the one term in the identity that has a line integral. Namely,

fVg - iads "2t // Ve (fVg)dA
oD D

but now, recall on Quiz 9 #1(c) that Ve (fF) =V f-F+ fV-F. In particular, when F = Vg, this
gives us

Ve (fVg)=Vf-Vg+ [V
where V29 = g0 + Gyy + g--. Hence, we have that

ngfvg.ﬁdsquls//Dv.(fvg)dA://D(vf.vg+fvzg)dA

in other words just writing it cleanly,

Vg - fds = V-V V2g)dA
) 1vg-ads //D(f g+ V%)

where now if we subtract the integral of V f - Vg, we have Green’s first identity,

8Dng-ﬁds—//DVf-ngA://DfVdiA.

As mentioned in the review, this is kind of like a “2-D integration by parts” on [[,, fVZgdA.

It’s like “u = f, dv = V2¢” and the “evaluation at endpoints” of uv|z becomes the line integral
over just the boundary, fa p fVg-nds.
As you might guess, there is also a 3-D integration by parts type of formula, too.

#34

To begin this proof, with using Green’s first identity (#33), apply it to both ¢, fVg and — ¢, gV f
and we will result with the Left Hand Side because the [[ p Vf+-VgdA terms subtract and cancel
each other.

Mainly first rearrange Green’s 1st identity to read as

fVg-ids = // Vf- VgdA+ // fV2gdA.
oD D D
Then, we have that for ¢, fVg and — ¢, gV f, applying Green’s 1st identity to each:

éafvg'ﬁds_//va'VQdAJr//DfVdiA.
_%dDgi-ﬁds:—//DVf.vgdA_//ng2fdA‘

Adding the two, the middle integrals of Vf - Vg cancel, and we are left with

 vo—avs)-ads= [[ (92— 92



#35

For this, to apply Green’s first identity, the idea is that 550 Dygds = fc Vg - nds. The book’s just
trying to use new notation - don’t get confused by it!

Mainly now, this is exactly in the form to use Green’s first identity with f = 1, the constant
function 1. With this, we see that the V f-Vg integral is zero because f is constant, Vf = V(1) = 0.
The other integral of fV2g is also zero because ¢ is harmonic, V2g = 0 by definition.

74 1Vg - fds 22 // 1v29dA+// V(1) - V(g)dA
oD D D

where the gradient of a constant is zero, and Vg = 0 because ¢ is harmonic,

=0+0=0.

#36

With this proof, since we are looking at |V f|?, this is a hint that we should have f = g because
that way we get Vf-Vg = Vf-Vf=|Vf[%2. Mainly, this pops up in Green’s first identity as the
[ p Vf-VgdA term. Now, using Green’s identity, we can conclude this integral is zero because:

. Remember we have f = g and f is harmonic so V2f = 0 and the integral of fV?2g is really
now fV2f =0.

. Since f = 0 on the boundary, the line integral fo fV f-nds is zero because C' is exactly the

boundary of the domain D.
// |V f|?dA = // Vf-VfdA
D D

where now applying #33 1st identity of Green, and rearranging terms,

= f(Vf)-ﬁds—//DfV2fdA.

oD

So, just rewriting, we have

//D'VdeA:?in(vf)'ﬁds—//DfVQfdA.

The first integral of fV £ is 0 because f = 0 on the boundary of D. The second integral of fV?2f
is 0 because f is harmonic, i.e. V2f = 0, so then

//D|Vf|2dA:0—():0.

16.6 Parametric Surfaces

# 51

First, always stick with definitions! Here,

Area(S) = // 1+ f2+ f2 dzdy.

224 y2<R2



Since | fzl, [fy] <1, we see that /14 f2 4 f2 < v/3 then. Hence,

Area(S) = // 1+ f2+ f2 dady

22+y2<R2

g// \/§dxdy:\/§// dA
Z‘2_;'_y2 SRZ Z‘2_;'_y2 §R2

where using the area interpretation of integrals,
<+V3.-7R2.

So, all we can conclude is that Area(S) is < v/3 7R2.

We can also note that /14 f2 4 f2 > 1 so then in the same way, Area(S) > wR? too.

Hence, 7R? < Area(S) < V3nR2.

#58

I did this one in section.

#60 (and 59 is similar, I'll skip 59)

**I dont think you’ll need to know hyperbolic sine (sinh) and hyperbolic cosine (cosh)...**

a) Here, we notice that aside from the scalings in front of the z,y, z parameterizations, we can
make the trig identity sin?¢ + cos?t = 1 and also cosh?t — sinh?¢ = 1 work (I know hyperbolic
trig functions are not that common, but they work similarly, though not exactly, like regular trig
functions). To deal with the scalings, we just consider the quantities x/a, y/b, and z/c similar to
what would be done in #59. Then, because we need cosh? —sinh? = 1, we expect to take

22 yz 22
= LA cosh? usin? v + cosh? u cos? v — sinh? u
a b2 2

= cosh? u(sin? v + cos? v) — sinh? u = cosh? v - (1) — sinh? u
= cosh?u — sinh?u = 1.

So, we see that the components of the surface parameterization satisfy

which is the general equation of a hyperboloid of one sheet. Since the components satisfy the
hyperboloid of one sheet’s equation, it must be (part of) a one-sheet-hyperboloid.

b) It looks like a nuclear silo.
c¢) The first thing to note is that if —3 < z < 3, then with ¢ = 3, we must have —1 < sinhu < 1

which means that —sinh™!(—1) < u < sinh™*(1). Secondly, 0 < v < 27 because this is what is
essentially making z,y rotate around the graph (the nuclear silo).



Now, for the area formula, we need r, x r,. Here, derivatives with cosh and sinh are a little
different from their regular trig function counterparts,

ry = < asinhwucosv, bsinhusinv, ccoshu >
ry = < —acoshusinv, bcoshwucosv,0 >
so then
ry X Iy = < —bccosh® ucosv, —accosh? usinv, absinhu coshu(cos® v + sin®v) >
= < —becosh? ucosv, —accosh? usinv, absinhw coshu >

and hence,

Ity % Ty| = Vb2c2 cosh? u cos? v + a2c2 cosh? usin? v + a2b? sinh? u cosh? u

Then, for the area for part (b),

sinh ™
Area = / / \/ b2¢2 cosh? 1 cos2 v + a2¢? cosh?* usin? v + a2b2? sinh? u cosh? ududv.
v= =—sinh™
We can simplify this a httle and also plug in for a = 1,b = 2, ¢ = 3 from part (b),
sinh ™
/ / cosh U\/ 36 cosh? u cos2 v + 9 cosh? usin? v + 4 sinh? ududv
v= ——sinh™

Some observations, see # 61,63
Notice that #63 is on the practice final, as Problem 7.

For #61, first find the intersection of the paraboloid and sphere. I think it’s just a circle. Then,
the key is to get the right # and in particular ¢ bounds by using some trig (inverse functions). The

circle intersection should restrick the ¢ bound nicely between 0 and whatever ¢-value the circle of
intersection is at.

16.7 Surface Integrals
# 37
When our surface is the graph of y = h(z, z), then we first parameterize our surface as

ry = <1,h;,0>

r(z,z) = <uz,h(z,2),z > =
r,=<0h,,1>.

Then, ry X ry = < hy, —1,h, > . More importantly, this is the correct normal as the j component

(in the y-direction) is —1. This means it goes to the left in the —y direction.
Now, when we assume F = < P, @, R >, we have that

//SF.dS _ // F (. h(z.2).2) - (x X 1g)dids

// P(z,h(z,2),2),Q(x,h(x, z),2), R(x,h(x,2),2) > < hgy,—1,h, > dzdz

Oh oh
= //“ (Pam _Q+R8z) dzxdz.



# 38

This is basically identical to #37. There’s one tiny, but important difference though! The normal
needs to point in the positive ¢ direction (in the +x direction this time!).

Our surface is the graph of z = k(y, z) now. We first parameterize our surface as

ry = < ky,1,0 >

r(y,z)=<k(y,z2),y,2z>—=—
(y,2) (y,2),y {rzz<kz’071>'

Then, ry X r, = <1, —ky, —k, > . More importantly, this is the correct normal as thej' component
(in the z-direction) is +1. This means it goes towards us in the +x direction.
Now, when we assume F = < P,Q, R >, we have that

//F ds = //D (o, h(z, 2), 2) - (rx x 1) dyd>

/ / < P(k(y, 2),1,2), Q(E(y, ), 4. 2), R(k(y,2), 4, 2) > - < 1, ky, —k: > dadz
Dyz

_ //Dy (P Q% - ng> dydz.
4 48

This is exactly Problem 8(a) on the practice final.

4 49

We want to show that [/ g F -dS = 0 regardless of the radius of the sphere S. Here, we first write

F using x,y, z variables as
c<xT,Y,2 >

(1172 + yQ + 22)3/2'

//F dS = //F n ds.

Here, recall from discussion that ngpere = V( iL‘ +y? 4z ) = < 2z,2y,2z > so then when we
normalize it, i = —=2%2> _ Then,

/$2+y2+22

F(z,y,2) =

Let us use that

F‘ﬁ:c(xz—l-yQ—i-zQ) _ <
(x2+y2+22)2 R2

because we are on the surface of the sphere S (here, R is the radius of S). Then,

//F ds = //F i ds = //R2

— dS = — - Surface Area(S
S []s=7 (S)

and using the surface area of a sphere,

ﬁ AT R? = 4ne.
This is a constant value, and more importantly independent of the radius. This verifies the claim
that the flux of F across the sphere S is independent of the radius of S.



16.Review

#13 ( #14 was on an old quiz I think..)

To show F is conservative, let’s find f such that F = V f. Here, integrating the z-component,
flaag) =gl) + [P = 20)do = o) + 24P — %
Then, f, = 224y — 322y + 4y has to hold, it needs to equal the y component of F.

fy=gy(y) + 2xty — 32%y% needs to equal 2zty — 32%y? + 443

which means that

gy(y) = 49> = gly) =y' + K
where K is a constant. Hence for f(x,y) = y* + 2%y? — 223> + K, we have that F = Vf so by the
Fundamental theorem of line integrals,

/CF -dr = f(final) — f(initial).
Here, the final point is (1) = (1+ 0,2 —1) = (1,1) and the initial point is 7(0) = (0,1). So,
/CF-dr:f(l,l)—f(O,l) (A4 1-14+K)—(14+0-04K) =0.
(And we see, the constant doesn’t affect the answer).

#21

Apply Green’s theorem! We see that @Q = g(y) so then 0Q/0x = 0. Similarly, P = f(z) so
OP/0y = 0 and hence by Green’s this turns into an area integral of just 0, which is 0.

4922
First, start with that
9 02 02 0?
Vi(fg) = @(fg) + @(fg) + @(fg)

0?2 0?2 0?2
= afx(fzg + fgz) + @(fyg + fagy) + @(fzg + fg:)

= [fmg + fmgx + fmgm + fgm:] + [fyyg + fygy + fygy + fgyy] + [fzzg + fzgz + fzgz + fgzz]
= [fac;r + fyy + fzz]g + 2[fxgac + fygy + fzgz] + f[gx:c + Gyy + gzz]
= gV2f +2Vf-Vg+ fVi.

#23

The idea here is that applying Green’s, we get that

ngfyda:—fxdyZ//D(—fm—fyy)dA:_//DVQfdA

and since f is harmonic, V2f = 0,
. / / 0dA = 0.
D

10



# 29

Only because this is one of the special cases, a sphere (or cylinder) where we know dS already.
I'll do this in two ways, to hopefully clarify things.

1) Standard Way: We know what we parameterize the sphere as
r(0,¢) = < Rcosfsin ¢, Rsinfsin ¢, Rcos¢ > .

Then for the outward normal, we have to cross ry and ry,

i j k
ry = < Rcosfcos ¢, Rsinf cos ¢, —Rsin ¢ >
rg = < —Rsinfsin ¢, Rcosfsin¢,0 >
__ p2 -2 2 .2 2 . 2 . 9
= ry X rg =< R cosfsin” ¢, R”sin 0 sin” ¢, R* cos ¢ sin ¢(cos” O + sin” §) > .
So reducing with trig identities,

ry X rg =< R? cosfsin® ¢, R? sin @ sin® ¢, R? cos ¢sin ¢ > .

(Indeed, this has outward orientation, all the components are positive). Then, since we integrate
over the entire sphere, we have that after plugging in for z,y, z as functions of 0, ¢,

//SF-dSZ/OQW/OWF(r(H,qb))-(%Xrg)d¢d9

2 ™
= / / < R? cos 0sin ¢ cos ¢, —2R sin @ sin ¢, 3R cos fsin ¢ > - < R? cos 0 sin? ¢, R? sin 0 sin? ¢, R? cos ¢sin ¢ >
9=0 J =0

2w ™
= / / [R* cos? sin® ¢ cos ¢ — 2R3 sin” O sin® ¢ + 3R3 cos 6 cos ¢ sin? ¢|dpdh
0 0

the first and last terms go to zero because of cos ¢ being odd about the ¢ = 7/2 axis, and the
middle term gives, with R = 2 here for this sphere,

27 T
/ / —2%sin? 0 sin® ¢ dpdf = ... = —647/3.
0 0

(The way to integrate this would be to use a half angle formula for sin?# and then to rewrite
sin® ¢ = sin ¢(1 — cos® ¢) and use a substitution w = cos ¢.)

2) Shortcut Way: Since we know that dSsphere = R? sin ¢dfd¢, we can just find F - fi first. Here,
we get n first by taking the gradient of the level surface that is the sphere, 22 + y? + 22 = R?, in
other words,

n=V?+y?+22%) =<2z,2y,22 > .

Then after we normalize it, we have

< 2x,2y,2z > <z,Y,z > 1 .
y = Y = — < ux,y,z> on the sphere of radius R.

VA2 + 2 +22) 2yt 2 R

n=

11



So, taking dot product,

1 1
F-ha=<uzz -2y, 3z > B <x,y,z>= E(SL‘QZ — 2% + 3z2).

Now we know that = Rcosfsin¢, y = Rsinfsin¢, z = Rcos ¢ and also that dS = R? sin ¢dfd¢

SO
[[r-as— [[ ¥ qas
S S

2w T 1
= / / = (R3 cos? §sin? ¢ cos ¢ — 2R? sin? fsin? ¢ + 3R cos O sin §sin ¢) - R? sin ¢d¢dh
o Jo

2 g
= / / (R* cos? §sin® ¢ cos ¢ — 2R3 sin” Osin® ¢ + 3R? cos 0 sin 0 sin’ ¢)dpdh
o Jo

which is the same integral that resulted from the standard way, again, gets —64m/3.
(After some clever integration, and plugging in R = 2).

#30

A more standard example. First, we parameterize the paraboloid. Since z is between the paraboloid
and the plane z = 1, we have that

r(z,y) = <z,9,2°+22>, on 2?2+42<1.
Then, for examples, when we take the partials and cross them, we have
r,=<0,1,2y>, r,=<1,0,20 > =ryxry=<2z2y,—1> (CAREFUL).

However, we want to have upward orientation, so the z-component of this normal vector must be
positive, not negative (here, it is —1). Therefore, we should actually take

ry Xry = < —2x,—-2y,1 >

for the correct orientation. Using this now, we have that by definition,

//SF 45 = // F(r(z,y)) - rx X rydudy

x2+y?2<1

= // <a? zy,2® +y? > < =2z, —2y,1 > dzdy

x2492<1
= // (=223 — 2zy® + 22 + y?)dzdy
x2+y2<1
= // [—22(2* + y*) + 2* + y*]dady
r24+9y2<1

2l 2l
peder / / (=2rcos - 1%+ r?)rdrdf = / / (=21 cos 0 + 1°)drdd
o Jo o Jo

in which the final answer is 7/2.

12



437

Don’t fear, this is just fundamental theorem of line integrals! In general, if a curve looks really
bad, it may be an implied hint to use the fundamental theorem.

First, we’d need to find f such that F = V f. You should get that F = V f for the function
f(x,y,2) = 23yz — 32y + 22 + K. Then, by the fundamental theorem,

/ F -dr = f(final) — f(initial) = f(0,3,0) — f(0,0,2) =0+ K —4 — K = —4.
C

If you need help to get f, here’s the solution:
1) Integrate any component (I’ll just pick the z component) and add in the appropriate constant
function of integration to get an initial form of f.

F@,y,2) = glay) + / (2%y + 22)dz = aPyz + 2+ g(a, y).

2) Solve for g(x,y) by making f, and f, match the  and y components of the vector field F.

needs to equal

fo = 32%yz + go = 3z%yz — 3y.
Hence, g, = —3y so then g(z,y) = h(y) + [ —3ydz = h(y) — 3zy. So, from analyzing f,, we see

flz,y,2) = dyz + 2% — 3zy + h(y).

d 1
fy =122 — 3z + hy(y) needs 2 e s, 3g.
This means hy(y) = 0 so thus h(y) = K constant. We see

f(z,y,2) = a3yz+ 22 — 3ay + K.

13
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